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Abstract: In this letter we present a derivation, from the D0-brane picture, of
the background monopole field and in general of the full dynamics of the Yang-
Mills theory on the dielectric D2-brane of Myers. To do this we study the large
N limit of the fuzzy sphere relevant to the dielectric solution. In contrast to the
usual interpretation, where the commutative D2-brane picture arises directly from
the large N limit of the D0-brane picture, we find that a residual non-commutativity
must be preserved, in order to make the connection by means of the Seiberg-Witten
map.
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1. Introduction
Since the appearance of D-branes in string theory, our understanding of gauge the-
ories has been changed dramatically. D-brane physics delivers a geometrical picture
to many phenomena in Yang-Mills (YM) theory and also gives the opportunity to
include many aspects of non-perturbative physics. In particular there is a strong
correlation between geometric configuration of the D-branes in the bulk space-time
and the physics of the YM theory on the world-volume of the branes. For example,
in the last years many phenomenological models inspired or based on string theory
compactifications with D-brane states, have been proposed as potential candidates
of our physical word.
One of the most interesting aspects of D-brane physics is the possibility to de-
scribe the hole body of M-theory in terms of a single class of partonic variables, like
D0-branes in the BFSS conjecture [1] or string bits in matrix string theory [2, 3]. In
this approach, the physical states of M-theory are the result of interplay of a more
fundamental set that corresponds to the partonic degrees of freedom.
Following this line of thoughts, we should be able to describe a set of D-branes
as a coarse grain approximation of the underlying D0-branes or the string bits. One
interesting example of the above situation is the Myers effect [4], where a group of
Dp-branes can be described from the perspective of many Dq-branes (p > q). Note
that, in particular, this implies that the corresponding fields living on the Dp-branes
should be tractable in terms of the partonic variables.
To be more precise, let us take as an example the original dielectric effect of
Myers. Here we have the possibility to describe the dielectric D2-brane in two differ-
ent ways: first in term of a single D2-brane, with commutative world-volume and a
magnetic flux of monopole charge N ; second in term of a set of N D0-branes, forming
a non-commutative geometry.
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In the original calculation of Myers both descriptions were shown to agree in the
large N limit, in the sense that certain observables like the energy, the radius and
the Ramond-Ramond (RR) couplings coincide in both pictures up to corrections of
order 1/N2. The calculation on the D0-brane picture goes as follows: consider the
action for N D0-branes in a time-independent case, in the presence of a constant RR
field strength 4-form F
(4)
t123 = −2fǫ123:
SD0 = −µ0λ2
∫
dt Tr
(
1
4
[φi, φj][φj, φi]− i
3
F
(4)
tijkφ
iφjφk
)
, (1.1)
where φi are u(N) matrix-valued scalars. They represent the nine directions i =
1, 2, .., 9 transverse to the D0-brane. µ0 is the charge of the D0-brane and λ = 2πl
2
s
(ls is the string length). This potential has a classical extremum corresponding to a
non-commutative configuration known as fuzzy sphere defined by
φi = fLi , [Li, Lj ] = ǫijkL
k (1.2)
where now i, j, k takes value on 1, 2, 3, φi represent the non-trivial scalar fields on
the D0-brane world-volume theory, Li are the su(2) Lie algebra generators in an
irreducible N dimensional matrix representation. In particular the radius of the
above configuration is given by
Rˆ = 2πl2s
√
Tr(φiφi)/N = πl
2
sf
√
N2 − 1. (1.3)
In the dual picture, we take the Born-Infeld and Chern-Simons action for a single
D2-brane in a spherical configuration of radius R, and same external fixed RR 4-form
F
(4)
t123. Then, to include the effect of the N D0-branes, a gauge field configuration of
monopole charge N is added. The minimum of the potential as a function of R is
R = πl2sfN. (1.4)
Although Myers found agreement in the large N limit in a set of observables (like the
radius of the sphere, explicit sowed here1), there is an important missing ingredient
in the above relation between the dual descriptions. Basically, we don’t have a
description corresponding to the gauge field (living on the commutative D2-brane)
from the D0-brane point of view2. In other words, we would like to understand how
the notion of a monopole field and generally the notion of the gauge field living on
the D2-brane emerge from the D0-brane picture.
1We have not showed the calculation for the energy and the RR couplings, and the above
discussion gives only some of the final results. For a complete treatment go to the original work of
Myers.
2In the original calculation of Myers, the presence of the monopole field is justify by CS coupling
arguments and also by t-duality, in the sense that the monopole number correspond to number of
diluted D0-branes in the D2-brane.
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There seems to be more than one way to approach this question. T-duality
certainly gives a hint as we know that [φi, φj] ≈ Fij , therefore pointing out a strong
relation between non-commutativity and a non-trivial gauge field, but this idea is
clearly not satisfactory enough. A more direct approach will be to try to use the
definition of gauge theories in non-commutative geometry [5, 6, 7] and impose a
monopole structure, following for example [8, 9], that in the large N limit recovers
the configuration of Myers. Nevertheless, this extra structure appears artificial and
seems to be imposed ad hoc.
In this letter we will rather search for string theory arguments to disclose the non-
commutative description of the gauge field. Inspired by the results presented in [10,
11, 12, 13], we will follow a matrix theory approach, together with the Seiberg-Witten
map to define the background YM field configuration of the D2-brane appearing in
Myers’ dielectric effect calculation. As a bonus we will obtain also the description
of the fluctuations around this classical configuration and therefore the full gauge
theory description.
In the next section, we present a detailed discussion of the large N limit of the
dielectric brane, then we study the overlap of the two dual descriptions of the dielec-
tric brane, obtaining the desired correspondence for the gauge field. We conclude
with a summary and some remarks regarding physical consequences and possible
future generalizations. At last, an appendix containing a more complete derivation
of the results is included.
After this work was completed, our attention was called on a previous work [14],
in which there is partial overlap with our results.
2. Dielectric Branes and Seiberg-Witten Map
In order to understand how to describe the gauge field degrees of freedom from the
D0-brane point of view, we will first pay some attention to the definition of the
large N limit. Note that, if we simply take N to be large, we will retain the non-
commutativity in the D0-brane solution. The commutators of the scalar fields φi
don’t go to zero. Therefore, the resulting D0-brane picture will not be quite the
same as the D2-brane picture. On one hand we have a commutative geometry while,
on the other, we have a non-commutative geometry (although we should remember
that the algebra of functions on the non-commutative solution will be very close to
the algebra of functions on the commutative solution). To solve this slight problem,
we have to realize that the correct physical limit (where both picture are supposed
to overlap), is obtained by taking not only N big but also the RR field strength to
be small. One way to see this is by noticing that the D0-brane description is valid
as long as the distance between the D0-branes is smaller than the string scale ls.
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Thinking on the D0-branes as forming area elements, we get
4πRˆ2
N
≪ l2s =⇒ f ≪
1
ls
√
N
. (2.1)
There is also a constraint coming from the D2-brane picture, since we need the radius
of the commutative sphere to be larger than the string scale,
R≫ ls =⇒ f ≫ 1
lsN
. (2.2)
Using the following ansatz for the RR field strength
f 2 =
β
λNα
, (2.3)
we get for large N , that α takes values on the interval [1, 2] and β satisfies the
inequality Nα−2 ≪ β ≪ Nα−1. The equation (1.4) for the radius of the sphere
becomes
R =
√
λβ
2
N1−
α
2 . (2.4)
The extremal cases are of particular interest as they correspond, in the first case
(α = 1, β ≪ 1), to a fuzzy sphere of large radius depending on N with the biggest
RR field, in the second (α = 2, N ≫ β ≫ 1), to a fuzzy sphere of constant radius.
Once we have clarified the necessary conditions to take the correct limit, we
return to the object of this letter, i.e. the description of the gauge field.
The idea of having a large number of D0-branes forming Dp-brane configurations
is not new and can be found in the context of M(atrix) theory or in string theory
calculations on brane dynamics. In particular, Seiberg and Witten [10] and Seiberg
[11] discuss the background independence of these type of formulations and how
to interpolate from the matrix model description of a Dp-brane to the usual com-
mutative Born-Infeld description. They introduce the Seiberg-Witten map defined
between non-commutative and commutative D-brane effective theories. In particular,
we have the following well known relations,
G = −λ2F 1
g
F , Gs = gsdet(λFg−1) 12
Θ = − 1F , Φ = −F , (2.5)
between open string metric G, open string coupling constant Gs, noncommutative
parameter Θ, two-form Φ and close string metric g, close string coupling constant
gs and constant magnetic field F . This map is constructed for the flat case and is
understood as a field redefinition related to different regularizations of string theory3.
3Note the different in the sign conventions from the original work. Here we follow the same
conventions of Myers i.e. B → −B,A→ −A,F → −F ,Φ→ −Φ.
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Now, if the Seiberg-Witten map was defined for curved spaces in RR back-
grounds, we could use it to answer our question. Unfortunately this generalization
has not yet appeared (to the best of our knowledge). Nevertheless, we are interested
in the large N limit, since it is only in this regime that the D0-brane picture and the
D2-brane picture should agree, and if in equations (2.3) and (2.4) we take α < 2, in
this limit the curvature of the sphere and the RR field are very small, hence the use
of Seiberg-Witten map seems possible at least at a first order approximation.
Therefore, our plan is to take the correct large N limit and, by means of the
Seiberg-Witten map, recover the monopole field on the commutative sphere.
We start with the D2-brane picture and, for simplicity, we focus on a small
neighborhood of the north pole of the sphere. In spherical coordinates the monopole
field takes the form Fψϕ = N2 sinψ. We introduce the coordinates σa, a = 1, 2, such
that,
σ1 = Rψcosϕ , σ2 = Rψsinϕ . (2.6)
In these coordinates the induced closed string metric in the north pole is the euclidean
gab|(σc=0) = δab, hence in the neighborhood we take gab ≃ δab. If we now define
ρ = Rψ =
√
(σ1)2 + (σ2)2, the field strength in these coordinates becomes
Fab = 1
λfρ
sin(
ρ
R
)ǫab ≃ 2
λβ
ǫab . (2.7)
where we have used equation (2.3) with α = 1 (this is the case were the RR field
decreases more slowly)4. We can see that locally the monopole field looks like a
constant magnetic field and the metric looks flat. Therefore we characterize the
above neighborhood on the D2-brane by,(
Fab = 1
λβ
ǫab , gab = δab , gs
)
. (2.8)
Consider next the equivalent calculation in the D0-brane picture. The fuzzy
sphere configuration is defined by the matrix-value scalar fields φi. The variable
with length dimension is recovered by defining xi = λφi which satisfies the relations
[xi, xj ] = iλfǫijkx
k . (2.9)
In the large N limit, to be “near the north pole” corresponds to use the equation
x3 ≃ Rˆ 5. Then, the commutation relation adopts the form
[xa, xb] ≃ iλfRˆǫab ≃ iλβ
2
ǫab. (2.10)
4In the following, we will restrict to the α = 1 case such that the quantity fR, that appears in
many expressions, remains finite in the N → ∞ limit. The general case needs an extension of the
Seiberg-Witten map to curved backgrounds.
5This statement can be understood from the point of view of coherent states. Coherent states
are use to identify quantum functions on the fuzzy sphere with classical functions on the sphere.
Here, we are restricting the Hilbert space of the fuzzy sphere to a subspace, such that in the large N
limit the coherent states that can be form from this subspace, map quantum operators to classical
functions on the north pole. On this subspace x3 ≃ Rˆ.
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where a, b = 1, 2. In the above limit, we can redefine the fuzzy sphere as a non-
commutative geometry with constant theta angle Θab =
λβ
2
ǫab in a “flat manifold”,
at least at first order in a 1/N expansion. Therefore, we can use the set of equations
(2.5) to rewrite the above non-commutative theory as a commutative theory with
constant magnetic field.
As can be seen from the expressions (2.10) and (2.7) and the Seiberg-Witten
map, we get a perfect agreement in the large N limit between the monopole field in
the D2-brane and the non-commutativity of the D0-brane. Our first conclusion is
that the non-commutative space itself is translated into the background gauge field.
At this point we have been able to recover the constant magnetic monopole field
characteristic of the D2-brane from the D0-brane point of view, to go one step further
in this derivation, we consider general fluctuations around the dielectric solution,
λφi = xi + λfAˆi = λf(Li + Aˆi) (2.11)
where xi corresponds to the fuzzy solution of Myers, Aˆi are the fluctuations and as
before Li correspond to the Lie algebra generators of su(2). In the usual commutative
case, if we consider a non-Abelian gauge field on the sphere we get the following form
for the field strength, F = dA + iA ∧ A. Using the bases {li}3i=1 of 1-forms dual to
the vector fields which generate the rotations li ([li, lj] = −ǫijklk), we obtain,
Fij = li(Aj)− lj(Ai) + i[Ai, Aj] + ǫijkAk . (2.12)
To generalize this definition to the non-commutative case one has simply to make
the substitution li → i[Li, ·], obtaining6
Fˆij = i[Li, Aˆj ]− i[Lj , Aˆi] + i[Aˆi, Aˆj] + ǫijkAˆk . (2.13)
This expressions can be also obtained by applying the more rigorous formulation a
la Connes on the fuzzy sphere [7]. To obtain the effective action of the perturbation
Aˆi, we substitute the expansion (2.11) into the D0-brane action (1.1) using the above
definitions. In particular, from the first term of the action we get,
Trλ4δijδhk[φi, φh][φj , φk] =
= −λ4Trf 4δijδhk(Fˆih − ǫihmLm)(Fˆjk − ǫjkrLr) +more... (2.14)
Then we can replace the trace Tr in the D0-brane action by the symbol (N/4π)
∫
dΩ
(that in the large N limit corresponds the the notion of integration on the sphere).
Following the analysis of Seiberg presented in [11], we can extract7 the form of the
6Note that we started from Cartesian coordinates, but we have ended in the base (l1, l2, l3), that
corresponds to an angular-type base and so it seems that the “fuzzyfication” produce a transmuta-
tion of the meaning of the indexes.
7See the appendix for the complete derivation
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effective metric Gij, the 2-form Φij and the string coupling constant, giving(
Gij =
1
f 2
δij , Φij = −ǫijkLk , Gs = gs
fRˆ
)
. (2.15)
Next, we take the large N limit and focus on the “north pole” sector of the theory,
where we find that L3 = x3/λf ≃ Rˆ/λf , and we change to the “almost flat” non-
commutative coordinates xa, a = 1, 2 introduced in (2.10), obtaining
Φab = − 1
Rˆ2
ǫabL3 ≃ − 2
λβ
ǫab,
Gab =
1
Rˆ2f 2
δab ≃ 4
β2
δab,
Gs =
gs
fRˆ
≃ 2gs
β
(2.16)
then, using the Seiberg-Witten map in the above non-commutative gauge theory,
we get a commutative gauge theory with constant magnetic field in full agreement
with the expressions of equation (2.8). In the appendix we give a more complete
derivation, using the full time dependent BI action, where the YM dynamics of the
D2-brane is recovered.
To finish this discussion, we mention that the above action can be rewritten in
terms of Aˆi and Li only, giving
−T0λ2f 4Tr
{
1
4
FˆijFˆ
ij − 1
2
ǫijk(i[Li, Aˆj ]Aˆk +
i
3
Aˆi[Aˆj , Aˆk] +
1
2
ǫijlAˆ
lAˆk)
}
(2.17)
which is the well known action corresponding to non-commutative YM theory plus
a Chern-Simon term in the fuzzy sphere [15]. It arises naturally also in a CFT
approach to brane dynamics in background fluxes [12] and is used in matrix models
[13]. Therefore, we have not only recovered the monopole field of the D2-brane, but
also the dynamics of the YM theory, since we have shown that the non-commutative
YM theory on the fuzzy sphere, in the large N limit near the “north pole”, goes to a
non-commutative YM theory with a 2-form Φ that after the use of the Seiberg-Witten
map gives the commutative YM theory of the D2-brane.
Actually, we should say that string theory is also telling us how to define YM
theory on the fuzzy sphere. Although there are a few different constructions of YM in
the fuzzy sphere, all these programs face the problem of the appearance of an extra
degree of freedom in the gauge field related to a “radial direction”. In the above
construction, we still have that same radial mode but this time we interpreted this
“scalar field” (in the large N limit) as corresponding to the radial fluctuation of the
D2-brane. For example we can take the gauge field defined in (2.11), and consider a
splitting of the form
Aˆi = aˆi + niφr, (2.18)
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where ni = xi/|x| and niaˆi = 0. Note that we define the radial mode from the action
on the left only i.e. niAˆi = φr (there are more symmetric prescriptions, but in the
large N limit we anyway recover the same commutative restriction niai = 0 charac-
teristic of a gauge field on the sphere). In the large N limit, the field ai corresponds
to the usual gauge field, while the scalar field φr becomes the radial fluctuation of
the D2-brane. In fact, we can check that the infinitesimal U(N) transformation of
the original D0-brane matrix model δρφi = i[φi, ρ] corresponds for the fields (aˆi, φr)
to
δρaˆi = i(δ
j
i − ninj)[Lj + aˆj , ρ] + i(δji − ninj)[njφr, ρ]
δρφr = n
i(i[Li, ρ] + i[aˆiρ] + i[niφr, ρ]). (2.19)
where both transformations go to the usual non-commutative gauge and scalar trans-
formation in the large N limit on the “north pole”. Therefore we have recovered the
missing ingredients to complete the world-volume theory of the D2-brane 8.
3. Conclusions and Discussions
In this short letter we have shown explicitly how the full YM dynamics on the
dielectric D2-brane can be described from the D0-brane point of view. To do this,
we have studied in detail the large N limit in the construction of Myers, founding for
the consistency of this solution a scaling dependent on N in the external RR field.
Because of this scaling, starting from the fuzzy sphere solution, we were able to end
up (in the large N limit) in a non-commutative geometry, reminiscence of the original
fuzzy sphere, where the Seiberg-Witten map can be applied to obtain a commutative
theory. This final theory matches the field content of the corresponding D2-brane.
As a bonus, we have seen how string theory solves the problem of the “radial mode”
present in the definition of non-commutative YM theory in the fuzzy sphere, in the
sense that this mode should be understood as the radial fluctuation of the D2-brane.
We have also included an appendix where the matching between the two dual
pictures for the gauge field is shown in details including time-dependent perturba-
tions and for the full action, not only the leading order expansion used in (1.1).
Although Myers used a similar analysis with the full potentials for the breathing
radial mode, it is still intriguing that we can find the correspondence at all orders in
our complementary case. It remains to give a description of the duality for the full
radial perturbation.
Moreover, in this letter we have approximated the non-commutative space “fuzzy
sphere” with a non-commutative plane, in the limit of large N . Hence, we were able
to use the Seiberg-Witten map that is only defined for flat space-time or toroidal
8Note that only in the large N limit the non-commutative field and the radial fluctuation can
be separated; in the finite N case, it makes no sense to use the splitting.
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compactifications. It will be very interesting to generalize this map to quantum
compact spaces, hence the relation between the D0-brane picture and the D2-brane
picture could be obtained globally and for the full dynamics of the YM and radial
fluctuations. Nevertheless, it seems that the generalized map will produce a commu-
tative theory with ultraviolet and infrared cut-off since the quantum theory will have
finite degrees of freedom9. A deeper analysis goes beyond this work so we postpone
it for future work.
Finally, we should say that although the above analysis was carried on for the
dielectric effect, there are other very similar situations in M-theory where the results
will carry on, like in M(atrix) theory or matrix string theory (where this time the D-
branes are made of string bits [16]) or even in the case of D-branes on compact group
manifolds, where the non-commutative geometry appears from the CFT analysis and
the corresponding relation with the D0-brane picture is also explicit [12, 17].
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A. A More Complete Calculation
In this appendix we generalize the discussion of the previous section both working
with a time dependent perturbation of the fuzzy solution and using the full D0-brane
action, in contrast with the calculation showed in the main body of the article. We
start our analysis from the non-Abelian action of Myers.
The first part of the non-Abelian D0 effective action is the Born-Infeld term
SBI = −T0
∫
dt STr
(
e−φ
√
− (P [Eab + Eai(Q−1 − δ)ijEjb]) det(Qij)
)
(A.1)
with
EAB = GAB +BAB and Q
i
j ≡ δij + iλ [φi, φk]Ekj . (A.2)
In writing (A.1) we have used a number of conventions taken from Myers [4]:
• Indexes to be pulled-back to the world-line (see below) have been labeled by
a. For other indexes, the symbol A takes values in the full set of space-time
coordinates while i labels only directions perpendicular to the center of mass
world-line.
9There is a generalization of the Seiberg-Witten map for the fuzzy sphere, but uses a modify
start-product [18].
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• The center of mass degrees of freedom decouple completely and are not relevant
to our discussion. The fields φi thus take values in the adjoint representation
of SU(N). As a result, the fields satisfy Trφi = 0 and form a non-Abelian
generalization of the coordinates specifying the displacement of the branes from
the center of mass. These coordinates have been normalized to have dimensions
of (length)−1 through multiplication by λ−1.
The rest of the action is given by the non-Abelian Chern-Simon terms. These
involve the non-Abelian ‘pullback’ P of various covariant tensors to the world-volume
of the D0-brane e.g. P [C
(1)
t ] = C
(1)
µ Dtx
µ = C
(1)
0 +λC
(1)
i Dtφ
i, where we have used the
static gauge x0 = t, xi = λφi for a coordinate x with origin at the D0-brane center
of mass. The symbol STr will be used to denote a trace over the SU(N) index with
a complete symmetrization over the non-Abelian objects in each term. In this way,
the Chern-Simons terms may be compactly written
SCS = µ0
∫
dtSTr
(
P
[
eiλ ıˆφ ıˆφ(
∑
C(n) eB)
])
. (A.3)
The symbol ıˆφ is a non-Abelian generalization of the interior product with the
coordinates φi,
ıˆφ
(
1
2
CABdX
AdXA
)
= ΦiCiBdX
B. (A.4)
In our case we have N D0 branes (the generalization to Dp branes which polarize
intoD(p+2) branes is straightforward) in flat space with a constant RR field strength
F
(4)
t123 = −2fǫ123. Focusing on the first four directions of space-time for the BI part
of the action, we have
SBI = −T0
∫
dtSTr
√
−det[−1 + λ2Dtφi(Q−1)ijDtφj]det(Qij) , (A.5)
where Qij = δij + iλ[φi, φj], Dtφi = ∂tφi + i[Aˆt, φi] and i, j takes values in {1, 2, 3}.
Observing that the U(N) connection with zero spatial dimension Aˆt(t) can be seen
as a U(1) connection on the fuzzy sphere, by substituting φ = f(Li + Aˆi), we get
Dtφi = f{∂t − i[Li, Aˆt] + i[Aˆt, Aˆi]} = fFˆti . (A.6)
After some manipulations, this action can be rewritten as
SBI = −T0f 2
∫
dtSTr
√
−f 2det{−Gµν + λ[Fˆµν − δiµδjνǫijk(Lk + Ak)]} , (A.7)
where µ, ν = 0, ..., 3 and we have defined the effective metric Gµν
Gµν =
(
1 0
0
δij
f2
)
. (A.8)
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Making the formal substitution STr → N
4pi
∫
dΩ2, which is valid only in the N →∞
limit (here dΩ2 is to be understood as the volume form on the sphere of radius one),
we finally write
SBI = −T2(Gs)
∫
dt
∫
dΩ2
√
−f 2det{−Gµν + λ[Fˆµν − δiµδjνǫijk(Lk + Ak)]} , (A.9)
where we have borrow the definition R = λfN
2
from the D2-brane physics to define
T2(Gs) =
2π
(2πls)3Gs
, Gs =
gs
fR
. (A.10)
Note that, there is a disturbing factor of f 2 in front of the determinant det. Never-
theless, this factor is due to the fact that the fuzzy sphere construction force us to
work with a three dimensional embedding space. Recalled that we expect to have a
redefinition of the metric only along the tangential directions of the sphere, but in
the metric Gµν we have multiplied all three spatial direction by f
−2.
To make contact with the D2-brane picture, we take the north pole approx-
imation. Note that in this way we can identify the transverse fluctuation of the
fuzzy sphere with the third component of the gauge field (more precisely ϕ ≃ fAˆ3).
For simplicity we will set this transverse fluctuation to zero. Using the fact that
in this approximation L3 ≃ R/λf , we introduce the “almost flat” non-commutative
coordinates σA = (t, σa), A = 0, 1, 2, a = 1, 2 that satisfy
[σA, σB] = iΘAB ,ΘAB =
λβ
2
δaAδ
b
Bǫab, (A.11)
Therefore, the action (A.9) can now be written in in the following way
SBI = −T2(Gs)
∫
d3σ
√
−det{GAB + λ[FˆAB + ΦAB]} , (A.12)
where the effective metric is
GAB =
(
−1 0
0 δab
R2f2
)
, (A.13)
we have introduced the background field
ΦAB = − 1
λfR
δaAδ
b
Bǫab , (A.14)
and we have used the star product associated to θAB in the definition of the action.
In these form the BI action is identical to the non-commutative BI action of
Seiberg and Witten [10] and so it is equivalent to the commutative BI action
S = −T2
∫
d3σ
√
−det{gAB + λ[FAB + FAB]} , (A.15)
– 11 –
where FAB = 1λfRδaAδbBǫab is the right background monopole field of the D2-brane as
seen in the north pole approximation and gAB = diag(−1, 1, 1) is the flat metric.
To complete our analysis we must consider also the CS term of the D0-branes,
that can be rewritten as
SCS = −µ0λ
2f 4
3
∫
dtTrLiLi + µ0λ
2f 4
∫
dtTr(Li + Ai)(Li + Ai)−
−µ0λ2f 4
∫
dtTrǫijk{iAˆi[Lj , Aˆk] + i
3
Aˆi[Aˆj, Aˆk] +
1
2
ǫjkmAˆiAˆm} . (A.16)
In the north pole approximation with zero transversal fluctuation, the only term that
survives is the vacuum energy term
SCS ≃ 2µ0λ
2f 4
3
Tr(LiLi)
∫
dt =
2µ0f
2Rˆ2N
3
∫
dt , (A.17)
which indeed corresponds to the CS term coming from the dualD2−brane description
(up to correction of order O(1/N), with no radial fluctuations).
summarizing we have found complete agreement in the north pole approximation
between the D0-brane picture and the D2-brane picture for the full action.
We conclude observing that, because f ∼ 1/√N and φi = f(Li + Aˆi), in the
large N limit we can consider only the first terms in the expansion of the D0-brane
BI action (A.5) such that
S = SBI + SCS =
= −T2(Gs)
∫
dtdΩ2
√
−f 2detGµν−
−T2(Gs)λ
2
4
∫
dtdΩ2
√
−f 2detGµνGµνGρσFˆµρFˆνσ+
+
µ2(Gs)λ
2
2
∫
dtdΩ2
√
−f 2detGµνGliGmjGnkǫlmn{iAˆi[Lj , Aˆk]+
+
i
3
Aˆi[Aˆj , Aˆk] +
1
2
ǫjkmAˆiAˆm} , (A.18)
where µ2(Gs) = T2(Gs).
This action is a generalization of the non-commutative YM theory in the fuzzy
sphere for time dependent gauge field.
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